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We consider here the general conditions for the stability of brane stars that obey a so called a
minimal setup: the nonlocal anisotropic stress and energy flux are everywhere absent, and the only
permitted Weyl correction is the interior solution of the nonlocal energy density. Along with a
series of simple conditions, we show that the Germani-Maartens solution with a constant density
sets up the upper bound for the compactness of that particular class of brane stars. The general
demonstration is based upon the properties of the interior solutions of the stars, although we also
show that the minimal setup implies a Schwarzschild exterior.
I. INTRODUCTION.
Brane world dynamics is one of the most interesting
possibilities to generalize Einstein’s General Relativity
(GR), by means of adding in the four dimensional Ein-
stein equations new terms that come from the presence
of extra spatial dimensions. The simplest realization is
based on the idea that our universe is a five dimensional
Anti de Sitter-Schwarszchild (AdS-S) manifold, with one
(or more) four-dimensional embedded branes[1–3] (for
a review see[4]). For example, Randall-Sundrum (RS)
models[2] were intended to alleviate the hierarchy prob-
lem between gravitation and the other forces, through the
introduction of a warped extra dimension. For instance,
the physical mass of a fundamental scalar field (like the
Higgs boson), and its vacuum, would naturally appear
at TeV scales rather than the Planck scale, without the
need of any large hierarchy on the radius[2, 4].
In general terms, the brane additions in the equations
of motion include quadratic corrections to the energy-
momentum tensor, and non-local effects obtained from
the traceless Weyl tensor ξµν , once the five-dimensional
dynamics is projected onto our four-dimensional brane.
The new terms can help to alleviate different cosmo-
logical puzzles, such as those of dark energy and dark
matter[5–13], but they also introduce changes in the sta-
bility and dynamics of stellar objects[14, 15]. Some of
these studies show constraints of the brane tension λ
coming from observations on stellar equilibrium of about
λ ∼ 5×108 MeV4[4, 14, 15], see also the constraints from
classical tests[16]. Cosmological studies from nucleosyn-
thesis provide the lower bound λ > 1 MeV4[3, 4]. Both
results are complementary and point out to the energy
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region in which brane dynamics could be possibly ob-
served.
In this paper we revisit the stability conditions for star
that obeys the brane-modified Einstein’s equation, in a
calculation that parallels that of textbooks for the case
of GR and without the need to deal directly with the
modified Tolman-Oppenheimer-Volkoff equation (see for
example[15]). We shall write a minimal setup of simple
but physically motivated assumption that allow us to es-
tablish the existence of an interior solution, which is then
used combination with the equations of motion to write
a constraint equation for the compactness of the brane
stars.
II. STELLAR STABILITY
Let us start by writing the equations of motion for stel-
lar stability in a brane embedded in a five-dimensional
bulk according to the Randall-Sundrum II model[2]. Fol-
lowing an appropriate computation (for details see[4,
16]), it is possible to demonstrate that the modified four-
dimensional Einstein’s equations can be written as
Gµν + Λ(4)gµν = κ
2
(4)Tµν +κ
4
(5)Πµν +κ
2
(5)Fµν − ξµν , (1)
where Tµν is the four-dimensional energy-momentum
tensor of the matter trapped in the brane, and the rest
of the terms on the right-hand-side are explicitly given
by:
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2One one hand, we see in Eq. (2a) the typical relation-
ship among Λ(4), Λ(5), which are the five and four dimen-
sional cosmological constants, respectively, and λ, which
is related to the brane tension. Likewise, Eq. (2b) shows
the relationship between κ(4) and κ(5), which are respec-
tively the four and five-dimensional coupling constants of
gravity, where GN is Newton’s gravitational constant.
On the other hand, Πµν represents the quadratic
corrections on the brane generated from the four-
dimensional energy-momentum tensor Tµν , whereas Fµν
gives the contributions of the energy-momentum ten-
sor in the bulk TAB (with latin letters taking values
0, 1, 2, 3, 4), which is then projected onto the brane with
the help of the unit normal vector nA. Finally, ξµν gives
the contributions of the five-dimensional Weyl’s tensor
(5)CEAFB when also projected onto the brane manifold
(see[16] for more details).
For purposes of simplicity, we will not consider bulk
matter and then TAB = 0, which translates into Fµν = 0,
and will also discard the presence of the four-dimensional
cosmological constant, Λ(4) = 0, as we do not expect it
to have any important effect at astrophysical scales (for
a recent discussion about this see[17]). Additionally, we
will neglect any nonlocal energy flux, which is allowed
by the spherical symmetry of the solutions we will study
below[14].
The energy-momentum tensor Tµν , the quadratic
energy-momentum tensor Πµν , and the Weyl (traceless)
contribution ξµν , have the explicit forms
Tµν = ρuµuν + phµν , (3a)
Πµν =
1
12
ρ [ρuµuν + (ρ+ 2p)hµν ] , (3b)
ξµν = −
κ4(5)
κ4(4)
[
Uuµuν + Prµrν + hµν
3
(U − P)
]
.(3c)
Here, p and ρ are, respectively, the pressure and energy
density of the stellar matter of interest, U is the nonlocal
energy density, and P is the nonlocal anisotropic stress.
Also, uα is the four-velocity (that also satisfies the con-
dition gµνu
µuν = −1), rµ is a unit radial vector, and
hµν = gµν + uµuν is the projection operator orthogonal
to uµ.
Spherical symmetry indicates that the metric can be
written as:
ds2 = −B(r)dt2 +A(r)dr2 + r2(dθ2 + sin2 θdϕ2) . (4)
If we define the reduced Weyl functions V = 6U/κ4(4),
and N = 4P/κ4(4), then the equations of motion for a
relativistic star in the brane are:
M′ = 4pir2ρeff , (5a)
B′
B
=
2GN
r2
4pi peff r
3 +M
1− 2GNM/r , (5b)
p′ = −1
2
B′
B
(p+ ρ) , (5c)
V ′ + 3N ′ = −B
′
B
(2V + 3N )− 9
r
N − 3(ρ+ p)ρ′ ,(5d)
where a prime indicates derivative with respect to r,
A(r) = [1 − 2GNM(r)/r]−1, and the effective energy
density and pressure, respectively, are given as:
ρeff = ρ
(
1 +
ρ
2λ
)
+
V
λ
, (6a)
peff = p
(
1 +
ρ
λ
)
+
ρ2
2λ
+
V
3λ
+
N
λ
. (6b)
To demonstrate the general conditions for stellar sta-
bility, we follow closely the standard textbook procedure
that has been established within GR, see for instance[18].
The main physical requirements are:
(a) The radius R is fixed, with ρ(r) = 0 for r > R.
(b) The pressure vanishes at the surface and in the exte-
rior of the star, and then p(r) = 0 for r ≥ R.
(c) The total mass M =M(R) is fixed.
(d) The metric coefficient A(r) must not be singular,
which implies M(r) < r/2GN .
(e) The energy density ρ(r) must not increase outwards:
ρ′(r) ≤ 0.
(f) A null nonlocal anisotropic stress in the interior of
the star: N (r) = 0 for r ≤ R.
(g) The non-local energy density vanishes at the surface,
and then V(R) = 0.
We will follow conventional wisdom and consider both
conditions (a) and (b) to be physically reasonable as-
sumptions. However, other possibilities might have been
chosen. For instance, in the case of condition (a) we could
have considered instead that ρeff (r) = 0 for r > R, but
this is a more restrictive assumption as it would have
implied that U(r) = 0 for r > R, see Eq. (6a). Thus,
condition (a) allows us to consider implicitly a wider set
of solutions in our demonstration for stellar stability.
The case is not that clear for condition (b), as p(R) = 0
is not a necessary condition in brane stars as is in GR.
In fact, the Israel-Darmois matching condition at the
surface requires the continuity of the effective pressure:
peff (R
−) = peff (R+)[14], and then prior knowledge
about the Weyl terms would be needed for a precise de-
termination of p(R), see Eq. (6b). Nonetheless, we be-
lieve condition (b) is physically reasonable and not ex-
cessively restrictive, and then we will simply enforce it
upon our solutions.
Conditions (c) and (d) refers to the total mass of the
stellar configuration that includes the brane corrections
(quadratic plus Weyl terms), and not to the physical
mass that arises from the direct integration of the den-
sity ρ(r). That is more convenient in the general case
in which one cannot make an explicit separation of the
brane corrections, and, in addition, provides a clear phys-
ical interpretation of the total mass in those brane stars
that have an exterior Schwarzschild solution. Condition
(e) is the expected requirement for the physical energy
3density in a stellar configuration, as is a necessary condi-
tion in our brane solutions to obtain a finite total mass,
see Eqs. (5a) and (6a).
Condition (f) is just chosen for convenience and
simplicity in the calculations; however, the nonlocal
anisotropic stress N is for now allowed to have an ex-
terior non-trivial solution. Finally, condition (g) is the
simplest possibility for the boundary condition of the
nonlocal energy density V, and from it Eq. (5d) generates
the solution:
V(r) = 3
B2(r)
∫ R
r
B2(ρ+ p)ρ′ dr , (7)
for r < R. Condition (e) implies that V(r < R) ≤ 0,
and, from Eq. (5d), also that V ′(r < R) ≥ 0. It can be
seen that conditions (a)-(g) are very general premises to
solve the equations of motion (5), and we consider them
to be the minimal setup for stars with the least of brane
corrections (for other possibilities see[19]).
In the standard case of GR, it can be shown that there
is a unique solution of the equations of motion for a given
function ρ(r). Then, any general bound on the compact-
ness of the star can be determined by choosing an appro-
priate ρ(r) to provide the most extreme case, and this
results in the solution with a constant density. It is im-
portant to emphasize that compactness refers here to the
minimum radius R that a stellar configuration can have
for a given total mass M , and which can be quantified in
GR by the upper bound GNM/R < 4/9[18].
In the brane case depicted here, the same argument
applies as the behavior of functions p(r), B(r), and V(r),
can be directly determined from conditions (a)-(g) once
we choose a given ρ(r). To begin with, condition (b)
fixes the boundary condition of the pressure at the sur-
face of the star, and likewise condition (c) implies that
A−1(R) = 1 − 2GNM/R; then the value of B(R) can
be tuned up appropriately to finally integrate Eqs. (5b)
and (7). Conditions (e)-(g) then establish that a full inte-
rior solution of the equations of motion (6), with bound-
ary conditions at the surface, can be uniquely found once
we choose a particular form of ρ(r).
We are now in a position to start the general demon-
stration for stability. If we take B ≡ ζ2, then Eq. (5b)
can be written as
d
dr
[
1
A1/2(r)r
dζ(r)
dr
]
= GNA
1/2(r)
(M(r)
r3
)′
ζ(r) . (8)
From here, we proceed to derive an upper bound for ζ(0).
If ζ is positive, then the right-hand side of Eq. (8) is neg-
ative, because the mean effective density cannot increase
with r if the effective density does not. This can be seen
from the fact that, even if V ′(r < R) ≥ 0, the latter is
mediated by the brane tension and then we expect that
ρ′eff (r < R) ≤ 0 will follow from condition (e). Hence,
we obtain the condition
d
dr
[
1
A1/2(r)r
dζ(r)
dr
]
≤ 0 . (9)
To solve Eq. (9), we need the explicit value of ζ ′(R),
which is obtained from Eq. (5b) as
ζ ′(R) = ζ(R)
GN
R2
[
M + 4pi peff (R
−)R3
1− 2GNM/R
]
. (10)
The integration of Eq. (9) from r = 0 to r = R yields
ζ(0)
ζ(R)
≤ 1− GN
R3
×[
M + 4pi peff (R)R
3√
1− 2GNM/R
]∫ R
0
r dr√
1− 2GNM(r)/r
. (11)
Notice that Eq. (11) is a general result that looks very
similar to the one in GR, except for the value of the effec-
tive pressure at the surface of the star, which we expect
to be non null in general. In fact, from our conditions
(b), (f), and (g), we find that peff (R) = ρ
2(R)/2λ, see
Eq. (6b).
As in the textbook case, we must now search for the
smallest possible function M(r) that gives the largest
result in the integral on the right-hand side of Eq. (11),
which will in turn provide the smallest upper bound for
ζ(0). For a given configuration with mass M , radius R,
and a density distribution that satisfies ρ′eff (r) ≤ 0, the
mass functionM(r) that would be everywhere as small as
possible is of the formM(r) = Mr3/R3. Then, condition
that ζ(r) ≥ 0 transforms Eq. (11) into
GNM
R
<
1
2
− 1
18
(
1 + 3peff (R)/ρ¯eff
1 + peff (R)/ρ¯eff
)2
, (12)
where we have defined the mean energy density as ρ¯eff ≡
3M/(4piR3). The standard result of GR is obtained from
peff (R) = 0, and then GNM/R < 4/9. Eq. (12) aroused
from the assumption of constant effective density, ρeff =
M(r)/r3 = const., which can be obtained in the extreme
case of constant ρ and V(r < R) = 0 (see Eq. (7)). This
in turn implies that ρ¯eff = ρ(1 + ρ/2λ), and peff (R) =
ρ2/2λ, see Eqs. (6), and then
GNM
R
<
1
2
− 1
18
(
1 + 2ρ/λ
1 + ρ/λ
)2
. (13)
Eq. (13) is exactly the same upper bound on the com-
pactness obtained in the Germani-Maartens (GM) inte-
rior solution in Ref.[14], which arises from the assump-
tion of constant density and null Weyl corrections (i.e.
V(r) ≡ 0 ≡ N (r)) in the brane equations of motion. Sim-
ilarly to the GR case, Eq. (12) shows in addition that the
GM solution, which is the simplest interior solution with
constant density, provides the most general upper bound
on the compactness of any brane star that accomplishes
the above conditions (a)-(g).
A more useful expression, that can have a wider appli-
cability to other star solutions, can be given in terms of
the mean energy density:
GNM
R
<
1
2
− 1
18
(
4
√
1 + 2ρ¯eff/λ− 3
2
√
1 + 2ρ¯eff/λ− 1
)2
, (14)
4which is illustrated in Fig. 1. It must be stressed out
that the mean energy density ρ¯eff , is defined solely from
the total radius R and total mass M of the star, where
the latter includes the brane effects carried out by the
interior solution of the Weyl function V, see Eq. (7).
Notice that Eq. (14) typically shows that the upper
bound on the compactness of a star is not an absolute
number as in GR, but that we need information about
the effective density of a brane star before assessing its
stability. Eq. (14) allows a very compact star to have an
effective density either larger or smaller than the brane
tension, and then we cannot use it to put constraints
on the latter unless we get astrophysical information on
stars with a compactness in the range 5/18 < GNM/R <
4/9. Even a typical neutron star, with parameters ρ¯eff ∼
109 MeV4 and M ∼ 1057 GeV (for recent examples of the
detection of neutron stars see[20]), has a compactness of
about GNM/R ∼ 0.1 < 5/18, and then it cannot be used
to give sensitive information about astrophysical limits
on λ.
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can be written as
d
dr

1
A1/2(r)r
d⇣(r)
dr
 
= GNA
1/2(r)
✓M(r)
r3
◆0
⇣(r) . (7)
From here, we proceed to derive an upper bound for ⇣(0).
If ⇣ is positive, then the right-hand side of Eq. (7) is neg-
ative, because the mean e↵ective density cannot increase
with r if the e↵ective density does not. This can be seen
from the fact that, even if V 0(r < R)   0, the latter
is mediated by the brane tension and then we expect
that ⇢0eff (r < R)  0 will follow from our condition (e).
Hence, we obtain the condition
d
dr

1
A1/2(r)r
d⇣(r)
dr
 
 0 . (8)
To solve Eq. (8), we need the explicit value of ⇣ 0(R),
which is obtained from Eq. (4b) as
⇣ 0(R) = ⇣(R)
GN
R2
"
M + 4⇡ peff (R
 )R3p
1  2GNM/R
#
. (9)
The integration of Eq. (8) from r = 0 to r = R yields
⇣(0)
⇣(R)
 1  GN
R3
⇥"
M + 4⇡ peff (R)R
3p
1  2GNM/R
#Z R
0
r drp
1  2GNM(r)/r
. (10)
Notice that Eq. (10) is a general result that looks very
similar to the one in GR, except for the value of the e↵ec-
tive pressure at the surface of the star, which we expect
to be non null in general. In fact, from our conditions
(b), (f), and (g), we find that peff (R) = ⇢
2(R)/2 , see
Eq. (5b).
As in the textbook case, we must now search for the
smallest possible function M(r) that gives the largest
result in the integral on the right-hand side of Eq. (10),
which will in turn provide the smallest upper bound for
⇣(0). For a given configuration with mass M , radius R,
and a density distribution that satisfies ⇢0eff (r)  0, the
mass functionM(r) that would be everywhere as small as
possible is of the formM(r) =Mr3/R3. Then, condition
that ⇣(r)   0 transforms Eq. (10) into
GNM
R
<
1
2
  1
18
✓
1 + 3peff (R)/⇢¯eff
1 + peff (R)/⇢¯eff
◆2
, (11)
where we have defined the mean energy density as ⇢¯eff ⌘
3M/(4⇡R3). The standard result of GR is obtained
from peff (R) = 0, and then GNM/R < 4/9. Eq. (11)
aroused from the assumption of constant e↵ective den-
sity, ⇢eff = M(r)/r3 = const., which can be obtained
in the extreme case of constant ⇢ and V(r < R) = 0
(see Eq. (6)); needless to say, such a case corresponds
exactly to the GM solution. If we use in Eq. (11) that
peff (R) = ⇢
2/2  and ⇢¯eff = ⇢(1+⇢/2 ), which are exact
expressions from the GM solution[14], we obtain
GNM
R
<
1
2
  1
18
✓
1 + 2⇢/ 
1 + ⇢/ 
◆2
. (12)
Eq. (12) shows that the GM solution provides the most
general upper bound on the compactness of any brane
star that accomplishes the above conditions (a)-(g). A
more useful expression, that can have a wider applicabil-
ity to other star solutions, can be given in terms of the
mean energy density:
GNM
R
<
1
2
  1
18
 
4
p
1 + 2⇢¯eff/   3
2
p
1 + 2⇢¯eff/   1
!2
, (13)
which is illustrated in Fig. 1. It must be stressed out
that the mean energy density ⇢¯eff , is defined solely from
the total radius R and total mass M of the star, where
the latter includes the brane e↵ects carried out by the
interior solution of the Weyl function V, see Eq. (6).
Notice that Eq. (13) typically shows that the up-
per bound on the compac n s of a star is not an
absolute number as in GR, but that we need infor-
mation about the e↵ective density of a brane star
bef e assessing its stability[14]. Eq. (13) allows a
star to have an e↵ective density either larger or
smaller than the brane tension, and then we can-
not use it to put constraints on the latter unless
we get astrophysical information on stars with a
compactness in the range 5/18 < GNM/R < 4/9.
Even a typical neutron star, with parameters
⇢¯eff ⇠ 109MeV4 and M ⇠ 1057GeV, has a com-
pactness of about GNM/R ⇠ 0.1, and then it can-
not be used to give sensitive information about
astrophysical limits on  .
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FIG. 1. Behavior of Eq. (13) for the gravitational potential
GNM/R, the shaded area refers to the region where the star
can be gravitationally stable. As expected, the GR bound
GNM/R < 4/9 is obtained in the limit ⇢¯eff/  ! 0, but the
opposite limit ⇢¯eff/  ! 1 gives GNM/R < 5/18. Then,
a very low value of the brane tension would imply a lower
bound on stellar stability.
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astrophysical limits on  .
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FIG. 1. Behavior of Eq. (13) for the gravitational potential
NM/R, the shaded area refers to the region where the star
can be gravitationally stable. As expected, the GR bound
GNM/R < 4/9 is obtained in the limit ⇢¯eff/  ! 0, but the
opposite limit ⇢¯eff/  ! 1 gives GNM/R < 5/18. Then,
a very low value of the brane tension would imply a lower
bound on stellar stability.
I i r f q. (13) for the gravi ational potential
e area r fers to the region where the star
c i i ally stable. As expected, the GR bound
is tained in the limit ⇢¯eff/  ! 0, but the
o osite li it ⇢¯eff/  gives GNM/R < 5/18. Then,
a very lo value of the brane tension would imply a lower
bound on stellar stability.
exterior of realistic brane stars can just be the typical
Schwarzschild solution B(r) = A 1(r) = 1   2GNM/r,
and then the total mass M to be used in Eq. (13) could
be determined, for instance, from the orbits of test par-
ticles around the brane star. As a final note, it must
be noticed that our consideration of a minimal
setup eventually implied the exclusion of the non-
local anisotropic stress from the full brane solu-
tion of realistic stars, mainly because of the inter-
play between condition (f) and the Israel-Darmois
matching constraint.
The above discussion opens interesting points about
the calculations shown here. First of all, although the
GM solution shares with realistic brane stars all the con-
ditions (a)-(g), and was fundamental to establish the gen-
eral upper bound on the compactness of brane stars, it
must be realized that it does not really belong to the
class of realistic brane stars that it helped to bound
up. Second, we have argued that the exterior of real-
istic brane stars must be Schwarzschild, as this is the
simplest possibility allowed by the equations of motion
and the boundary conditions. If this were the case, then
classical gravitational tests based upon the exterior so-
lution would be unable to constraint brane e↵ects in re-
alistic stars, except for those implicitly involved in the
mass term M . In particular, the use of the black hole
solution found in[20] would not be the most appropri-
ate approach to constraint astrophysical brane e↵ects[16].
As we also mentioned in the introduction, former
studies considered the case of stars with constant
density, in which all brane contributions can be
singled out so that the brane tension seems to be
bounded from below as   ⇠ 5 ⇥ 108MeV4[14, 15].
This procedure cannot be done for realistic stars,
for which Eq. (13) appears as a more appropriate
constraint for their compactness.
The revisited analysis presented in this paper opens
a new window to find the bound of stellar stability in
brane-world theories, and provides a more general frame-
work that includes topological terms. It also extends the
GR case for a particular class of brane stars, and shows
the usability of the GM solution as the plausible extreme
case to constraint their compactness. The procedure can
be followed for other classes of stars that may include
the presence of the nonlocal anisotropic stress and
whose solutions may also require extra numerical
analysis. This is ongoing research that will be presented
elsewhere.
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dr
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ro ere, e proceed to derive an upper bound for ⇣(0).
If is sitive, then the right-hand side of Eq. (7) is neg-
i , se the mean e↵ective density cannot increas
t e e↵ective density does not. This can be s en
f fact that, even if V 0(r < R)   0, the latter
i by the brane tension and then we expect
(r R)  0 will follow from our condition (e).
, obtain the condition
d
dr

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A1/2(r)r
d⇣(r)
dr
 
 0 . (8)
To solve Eq. (8), we need the explicit value of ⇣ 0(R),
which is obtained from Eq. (4b) as
⇣ 0(R) = ⇣(R)
GN
R2
"
M + 4⇡ peff (R
 )R3p
1  2GNM/R
#
. (9)
The integration of Eq. (8) from r = 0 to r = yields
⇣(0)
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R3
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M + 4⇡ peff (R)R
3p
1  2GNM/R
#Z R
0
r drp
1  2GNM(r)/r
. (10)
Notice that Eq. (10) is a general result that looks very
similar to the one in GR, except for the value of the e↵ec-
tive pressure at the surface of th sta , which we expect
to be non null in g neral. In fac , f om our onditions
(b), (f), and (g), we find that peff (R) = ⇢
2(R)/2 , see
Eq. (5 ).
As in the textbook case, we must now search for the
smallest possible function M(r) tha gives the largest
resu t in the integral on the right-hand side of Eq. (10),
which will in turn provide the smallest upper bound for
⇣(0). For a given configuration with mass M , radius R,
and a density distribution that satisfies ⇢0eff (r)  0, the
mass functionM(r) that would be everywhere as small as
possible is of the formM(r) =Mr3/R3. Then, condition
that ⇣(r)   0 transforms Eq. (10) into
GNM
R
<
1
2
  1
18
✓
1 + 3peff (R)/⇢¯eff
1 + peff (R)/⇢¯eff
◆2
, (11)
where we have defined the mean energy density as ⇢¯eff ⌘
3M/(4⇡R3). The standard result of GR is obtained
from peff (R) = 0, and then GNM/R < 4/9. Eq. (11)
aroused from the assumption of constant e↵ective den-
sity, ⇢eff = M(r)/r3 = const., which can be obtained
in the extreme case of constant ⇢ and V(r < R) = 0
(see Eq. (6)); needless to say, such a case corresponds
exactly to the GM solution. If we use in Eq. (11) that
peff (R) = ⇢
2/2  and ⇢¯eff = ⇢(1+⇢/2 ), which are exact
expressions from the GM solution[14], we obtain
GNM
R
<
1
2
  1
18
✓
1 + 2⇢/ 
1 + ⇢/ 
◆2
. (12)
Eq. (12) shows that t e GM solution provides the most
general upper bound o the compactness of any bra e
star that accomplishes t above c nditi s (a)-(g). A
more us f l expr ssion, that can have a wider applic bil-
ity to other star soluti ns, can be given in terms of the
mean energy density:
GNM
R
<
1
2
  1
18
 
4
p
1 + 2⇢¯eff/   3
2
p
1 + 2⇢¯eff/   1
!2
, (13)
which is illustrated in Fig. 1. It must be stressed out
that the mean energy density ⇢¯eff , is defined solely from
the total radius R and total mass M of the star, where
the latter includes the brane e↵ects carried out by the
interior solution of the Weyl function V, see Eq. (6).
Notice that Eq. (13) typically shows that the up-
per bound on the compactness of a star is not an
absolute number as in GR, but that we need infor-
ma ion bout the e↵ective de si y of a brane star
before ass ssing i s st bility[14]. Eq. (13) allows a
star to have an e↵ ctive density either larger or
smaller than the brane tens on, and then we can-
not se it to put constrai ts o he latter unl ss
we g t astrophysical informat on tars with
compactness in the range 5/18 < GNM/R < 4/9.
Even a typical neutron star, with par meters
⇢¯eff ⇠ 109MeV4 and M ⇠ 1057GeV, has a com-
pac n ss of abou GNM/R ⇠ 0.1, and then it can-
not be used to give sensitive information about
astrophysical limits on  .
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FIG. 1. Behavior of Eq. (13) for the gravitational potential
GNM/R, the shaded area refers to the region where the star
can be gravitationally stable. As expected, the GR bound
GNM/R < 4/9 is obtained in the limit ⇢¯eff/  ! 0, but the
opposite limit ⇢¯eff/  ! 1 gives GNM/R < 5/18. Then,
a very low value of the brane tension would imply a lower
bound on stellar stability.
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Notice that Eq. (10) is a general result that looks v ry
similar to the on in GR, except for th value of th e↵ -
t ve press re a the surface e star, which we expect
o be no null in g eral. I ct, from our onditions
(b), (f), and (g), we find t eff (R) = ⇢
2(R)/2 , see
Eq. (5b).
As in the textbook case, we must now search for the
smallest possible function M(r) that gives the largest
result in the integral on the right-hand side of Eq. (10),
which will in turn provide the smallest upper bound for
⇣(0). For a given configuration with mass M , radius R,
and a density distribution that satisfies ⇢0eff (r)  0, the
mass functionM(r) that would be everywhere as small as
possible is of the formM(r) =Mr3/R3. Then, condition
that ⇣(r)   0 transforms Eq. (10) into
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wher we hav defined the mean energy density as
3M/(4⇡R3). The standard result of GR is o t i
from peff (R) = 0, and then GNM/R < 4/9. q. (11)
aroused from the assumption of constant e↵ective den-
sity, ⇢eff = M(r)/r3 = const., which can be obtained
in the extreme case of constant ⇢ and V(r < R) = 0
(see Eq. (6)); needless to say, such a case corresponds
exactly to the GM solution. If we use in Eq. (11) that
peff (R) = ⇢
2/2  and ⇢¯eff = ⇢(1+⇢/2 ), which are exact
expressions from the GM solution[14], we obtain
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Eq. (12) shows that e GM solution provides the most
general upper bound o the compactness of any br e
star hat accomplishes t above c nditi s (a)-(g). A
more us f l xpr ssion, that can have a wider applicabil-
ity to other star soluti ns, can be given in terms of the
mean energy density:
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w ich is illustrated in Fig. 1. It must be str s ed out
that the mea energy density ⇢¯ ff , is defined solely from
the total radius R and total mass M of the star, where
the latter includes the brane e↵ects carried out by the
interior solution of the Weyl function V, see Eq. (6).
Notice that Eq. (13) typically shows that the up-
per bound on the compact ess of a s ar is not a
absolute number as in GR, bu that we need infor-
mation about the e↵ective density of a brane star
before assessing its stability[14]. Eq. (13) allows a
star to have an e↵e tive den ity either larger or
smaller th n the brane tension, a d then we can-
not use it to put constraints on the latter unless
we get astrophysical information on stars with a
compactness in the range 5/18 < GNM/R < 4/9.
Even a typical neu ron star, with parameters
⇢¯eff ⇠ 109MeV4 and M ⇠ 1057GeV, has a com-
pactness of b ut GNM/R ⇠ 0.1, a d then t can-
no be us d to give se sitiv information about
astrophysical limits on  .
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FIG. 1. Behavior of Eq. (13) for the gravitational potential
NM/R, the shaded area refers to the region where the star
can be gravitation lly stable. As expected, the GR bound
GNM/R < 4/9 is obtained in the limit ⇢¯eff/  ! 0, but the
opposite limit ⇢¯eff/  ! 1 gives GNM/R < 5/18. Then,
a very low value of the r ne tension would imply a lower
bound on st llar s ability.
I i r f q. (13) for the gravi ational potential
e area r fers to the region where the star
c i i ally stable. As expected, the GR bound
is tained in the limit ⇢¯eff/  ! 0, but th
o osite li it ⇢¯eff/  gives GNM/R < 5/18. Then,
a very lo value of the r ne tension would imply a lower
bound on st l ar s ability.
exterior of realistic brane stars can just be the typical
Schwarzschild solution B(r) = A 1(r) = 1   2GNM/r,
and th n the total mass M to be used in Eq. (13) could
be determined, for instance, from the orbits of test par-
ticles around e brane st r. As a final note, it must
be noticed that ou consid ration of a minimal
setup vent ally implied the exclusion of the non-
local a isotropic stress from the full brane solu-
tion of realistic stars, ainly because of the inter-
play between condition (f) and the Israel-Darmois
matching constraint.
The above discussio opens interesting points about
the calculations shown here. First of all, although the
GM solution shares with realistic brane stars all the con-
ditions (a)-(g), and was fundamental to establish the gen-
eral upper bound on the compactness of brane stars, it
must be realized that it does not really belong to the
class of realistic brane stars that it helped to bound
up. Second, we have argued that the exterior of real-
istic brane stars must be Schw zschild, s is is the
simplest possibility allowed by th equations of motion
and the boundary conditions. If this were the case, then
classical gravitational tests based upon the exterior so-
lution would be unable to constraint brane e↵ects in re-
alistic stars, except for those implicitly involved in the
mass term M . In particular, the use of the black hole
solution found in[20] would not be the most appropri-
ate approach to constraint astrophysical brane e↵ects[16].
As we also mentioned in the introduction, former
studies considered the case of stars with constant
density, in which all brane contributions can be
singled out so that the brane tension seems to be
bounded from below as   ⇠ 5 ⇥ 108MeV4[14, 15].
This procedure cannot be done for realistic stars,
for which Eq. (13) appears as a more appropriate
constraint for their compactness.
The revisited analysis presented in this paper opens
a new window to find the bound of stellar stability in
bra e-world theories, and provides a more general frame-
work that includes topological terms. It also extends the
GR case for a particular class of brane stars, and shows
the usability of the GM solution as the plausible extreme
case to constraint their compactness. The procedure can
be followed for other classes of stars that may incl de
the presence of the nonlocal anisotropic stress and
whose soluti ns may also require extra numerical
nalysis. This is ongoing research that will be presented
elsewhere.
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FIG. 1. Behavior of Eq. (14) for the gravitational potential
GNM/R, the shaded area refers to the region where the star
can be gravitationally stable. As expected, the GR bound
GNM/R < 4/9 is obtained in the limit ρ¯eff/λ → 0, but the
opposite limit ρ¯eff/λ → ∞ gives GNM/R < 5/18. Then,
a v ry low v lue of the brane tension would im ly a lower
bound on stellar stability.
To get Eq. (14) we only needed to k ow the main prop-
erties of the interior solutions that can be obtained from
Eqs. (5). However, the exterior functions can be de-
scribed in general as follow . To start wi h, we wri e
again the Israel-Darmois matching condition, which un-
der conditions (a), (b), (f), and (g), translates into
V(R+) + 3N (R+) = (3/2)ρ2(R) . ( 5)
As shown in[14], the case of constant density requires an
exterior solu ion with non-trivial expressio s f r the Weyl
functions, and then the GM solution cannot be matched
up with a Schwarzschild exterior. Actually, there exist
for the GM solution at least two exterior solutions with
both Weyl functions different from zero.
However, the case s differ nt for realistic stars with
both a non-const nt density and ρ(R) = 0, as for
them the Israel-Darmois matching condition states that
V(R+) + 3N (R+) = 0, which is not but the requirement
that the effective pressure, following the physical pres-
sure, vanishes at the surface of the star: peff (R) = 0.
The simplest exterior solution of Eq. (5d) that satisfies
this boundary condition is the trivial one: V(r) = 0 =
N (r) for r > R. In other words, the exterior of realistic
brane stars can just be the typical Schwarzschild solu-
tion B(r) = A−1(r) = 1 − 2GNM/r, and then the total
mass M to be used in Eq. (14) could be determined, for
instance, from the orbits of test particles around the star.
As a final note, it can be seen that our consideration of
a minimal setup eventually implied the total exclusion of
the nonlocal anisotropic stress N (r) from the full brane
solu ion of realistic stars, mainly because of the interplay
between condition (f) and the Israel-Darmois matching
constraint.
Nonetheless, the question remains of whether we could
have a second version of t e minimal setup under the
following new conditions: (f) A null nonlocal energy term
in the interior of the star: V(r) = 0 for r ≤ R, and (g)
The nonlocal anisotropic stress vanishes at the surface:
N (R) = 0. The last condition is in agreement with the
Israel-Darmois matching condition in the case of realistic
stars, but this time Eq. (5d) also requires: (h) N (0) = 0,
in order to have a non-divergent soluti n at the cen er of
the star. Indeed, the regular solution of Eq. (5d) under
the above condition (h) can be written in quadratures as:
N (r) = 1
B(r)r3
∫ r
0
Br3(ρ+ p)ρ′dr , (16)
and then it is not possible to accomplish at the same
time the aforementioned condition N (R) = 0. This is
an inescapable and problematic situation, as the equa-
tion of motion (5d) is a first order differential equation
that is now tied up by two boundary conditions, and it
is t possible to guarantee the existence of a solution in
the general case that is also able to satisfy both of them.
It seems then that the original conditions (a)-(g) estab-
lished above conform the only minimal setup of brane
corrections for realistic stars.
III. CONCLUSIONS
The above discussion opens interes ng points about
the calculations shown here. First of all, although the
GM solution shares with realistic brane stars all the con-
ditions (a)-(g), and was fundamental to establish the gen-
eral upper bound on the compactness of brane stars, it
must be e lized that it does ot really belong to e class
of realistic brane stars that it helped to bound up. Sec-
ond, we have argued that the exterior of realistic brane
stars must be Schwarzschild, as this is the simplest possi-
bility allowed by the equations of motion and the bound-
ary c nditions. If this were the case, then classical grav-
itational tests based upon the exterior solution would be
5unable to constraint brane effects in realistic stars, ex-
cept for those implicitly involved in the mass term M .
In particular, the use of the black hole solution found
in[21] would not be the most appropriate approach to
constraint astrophysical brane effects[16].
As we also mentioned in the introduction, former stud-
ies considered the case of stars with constant density, in
which all brane contributions can be singled out so that
the brane tension seems to be bounded from below as
λ ∼ 5 × 108MeV4[14, 15]. This procedure cannot be
done for realistic stars, for which Eq. (14) appears as a
more appropriate constraint for their compactness.
The revisited analysis presented in this paper opens
a new window to find the bound of stellar stability in
brane-world theories, and provides a more general frame-
work that includes topological terms. It also extends the
GR case for a particular class of brane stars, and shows
the usability of the GM solution as the plausible extreme
case to constraint their compactness. The procedure can
be replicated for other classes of stars that may include
the presence of both nonlocal Weyl terms and whose so-
lutions may also require extra numerical analysis. This
is ongoing research that will be presented elsewhere.
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